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AN f ITENSION OF MASSET'S DISTRIBUTION OF THE MAXIMUM DEVIATION 
BETWEEN TWO SAMPLE CUMULATIVF STEP FUNCTIONS 

By Chi* Kuei Tsao 
Wayne University 

1.    Suanary and Introduction 

Lat   x^ < x_ < ... < x     and   yi < y2 
< • • • < ym   ** *** ordered 

results of two random samples from populations having continuous cumulative 

distribution functions   F(x)   and   G(-t)    respectively.    Let   SQ(x) - k/n where 

k is the number of observations of X which are lass than or equal to x and 

S'(x) - j/m   where J is the number of observations of T which are less than 

or equal to x, 

The statistics 

«r'sKW--*W) 
and 

d« - max Sn(x) - S^x) 
x < maxCx^yp 
r < min(m,n) 

can be used to test the hypothesis F(x) • Q(x).    For example, using dr we 

would reject the hypothesis if the observed dj., i.e.. the maximum absolute 

deviation between the two step functions below the rth observation of a given 

sample, is significantly large* 
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2.    Distribution of d,. 

M*n-r •1 fit**   , 
PrCap ... , B^H) ->J^- 

c:v 
which dcpe:-  3 only on M, i.e.. for any given M the probability of the 

/M+n-rW/m • n\ 
occurrence of any set of   n^t a^, ...  , •     is always   »x   M // I      m /     ^ 

Thus, for any given M, the probability that dr < a   can be found by counting 

the number of sets of UL , m-, ..., a     which give values of   d   < a. 

Denote this number ->f sets by   K   M(a), than 

Mdr < a) -  CZ K     (a)     \   *  /      . 
M-0     r»M ( ) 

The method of counting K   M(a)    is essentially the same as in {~%5j.    As an 

illustration, suppose   m-n, then   Sm(x) and S^(x)    can only differ   by 

multiples of 1 „    For any integer c ar.d any given M, we count the number 

of sets of Bp m2, .,.  , m^,   such that   dj. < 2 „ 

Canota by Vj-(c), i " l,2,...,r,    J - 1,2,...,2c, the number of 

sets of possible   Bj, i^, ..., a.    auch that   dt < - .    Then it is evident 

i 
Denote by a- the number of observed values of Y which are less than 

Xj, by m2 the number of values of Y which are between x, and X3, ..., by 

Bj, the number of values of Y which are between x_, and x and by K the 

number of values of Y *hich are greater than x,,. If the hypothesis F(x) 5? G(x) 

is true, the probability of the occurrence of a set of nlf a2, ,.., m ,M 

can be shown to be 
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that these   v«j(c)    satisfy the following difference equations 

[C) "   5-  7i-l 1( 

where 

VAM -  Z_  •       <(e) i - 1,2,...r 
IX ..,       1-1.j fc . lf2,...2c 

'bk^ " 1 ^ > c, k • 1,2,...,2c 

V0J^ " ° otherwise-. 

Hence, 

*r,»(i) m \-«-r*lM' 

3.    Distribution of d' r 

If   r < n d . then a test based on the number of observations of *"       r 
one sample which are less than or equal to the rth observation of another 

sample becomes a one-sided test. To avoid this, we may u?e ths statistic 

di .    In this cane 

MdJ. < a) - Pr(dr < a, x   > jj • Pr(dr < a, j^, < yr) 

-  IT  *r M(a) / 

+ XL KrH(«) 
("r) 

where n-,, n , ,.., n ,N have the same meaning as m., m , ..., m ,M. 
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If m - n, th«n 

We not* thatt 

(a) If r • a • n, then both distributions of d   and   d» reduce to 

Massey's distribution [ 5] • 

(b) If r • 1, then dr reduces to s special case of Gunbel and 

Scbelling'a sxceedances problems [2]. 
. 

Table I and II give the probabilities of d and d' respectively r r 
for m • n. 

k.    Applications 

The statistics   d     and   d£   are useful for situations where the 

sample sizes are known, but the information beyond a certain ordered 

observation, say x , is unavailable.    In life testing, one often wishes, bj 

drawing two samples, to detect whether the mean life in one population is 

larger than that of another.    If the observations become available in order 

of magnitude, then we can stop the experiment whenever at least r observations 

of each sample have occurred and     reach a decision by the use of   d'. 

Evidently, by doing so, it would be possible, in many cases, to reduce both 

the average time needed and/or the average number of items destroyed. 

As an illustration, we give a numerical example ae follows: 

Suppose fuses are produced by two different methods.    One is interested in 

detecting whether the mean current needed to blow the fuses produced by the 
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first method is different from that produced by the second.     This can be 

considered as testing whether two populations are the sens.    To this end, 

one then may put,  say, 40 fuses produced by the first method and another 40 

by the second on a test.    Suppose one arranges the teat in such a way that 

every fuse in the 2 samples is subjected to the same current so that the 

weakest blows first, then the second, etc.    Let us choose in advance that 

r • 6 and a » .05.    Let   x^ < x„ < ...      denote the ordered observed current 

needed to blow the fuses in the first sample and   y, < y? < ...      those in 

the second.    Suppose that the actual combined outcomes are as follows: 

XytzXy*!*ylx?:x63V2,V^3J^Uxllx12• *'     then the experiment ffl&y be termin- 

ated when 1 e observation    x,~   has occurred and reject the null hypothesis 

using the statistic   dl, since for   m • n - 40,    Pr(d« £ 9) - <>0451   from 
O Q A 

Table II. In this particular experiment, only 20% of the fuses are 

destroyed in reaching a decision. 

It, perhaps, should be remarked that if we define 

Dr - Max j Sn(x) - S;(x) 

x > x s n-r*l 

D^-Max |sn(x) - SB(x)| 

-r*l* 'm-r*lj 

r < Min (m,n) 

x * (*n-r*l' W 

then the distribution of D , and D' are identical with those of d and d*. 
r' r r r 

Thus,  in a test, if the information below a certain ordered observation 

is unavailable, or if the observations become available in this orders 
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X t Xn_i» »•• *±   •nd   7_# 7«»i» ••• 7i»   *hen D- or D*   would be the 

appropriate statistic to use. 

In conclusion, I would like to thank Hre.  Dorothy Wolfe who 

carried out the computations of Tablet I and II„ 
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